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Abstract

A mixed graph Gy(V, E, A) is a graph containing unoriented edges (set E) as well as oriented edges (set
A), referred to as arcs. In this paper we calculate the domination number of the Cartesian product of a

path P,, with directed path E (mixed-grid graph ( P, X F,: ) for 8 <m < 10 and arbitrary n.

Keywords: Graph, directed graph; Cartesian product; path; directed path; mixed graph, mixed-grid graph;
dominating set; domination number.
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1 Introduction

All graphs and digraphs are assumed to be loopless and without duplicate edges or arcs. A mixed graph
GM(V, E, A) is a graph containing unoriented edges (set E) as well as oriented edges (set A), referred to as
arcs. This notion was first introduced in [1].
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Let G = (V,, E) be a graph and D = (V,, A) be a digraph. The Cartesian product GxD is the mixed-graph
with vertex set V(GxD) = V;(G)xV,(D) and edge (arc) set is ((u;,v;),(usvye E(GxD) if and only if either v,
= v, and (u;, uyek(G) or u; = u, and (v, vyed(D). A subset S of the vertex set V(GXD) is a dominating set
of GxD if for each vertex veGxD there exists a vertex u e S such that (u, v) is an edge (arc) of GxD. The
domination number of GxD, G *D), is the cardinality of the smallest dominating set of GxD.

Let P, be a path with vertex set V(P,) = {1, 2,..., m}, and edge set E(P,,) = {(i,1+1): 1 <i<m-1}, and let
F; be a directed path with vertex set V(P,) = {1, 2, ..., n}, and arc set A(P,) = {(i, i +1) : 1 <i<n-1}.
Then for Cartesian product P, and P—nb is mixed-grid graph P, x F’; with V( P x Fr: )={G,j): 1<i
<m, 1 <j < nj}, such that there is an arc from (i, j) to (p, q) if and only if i = p and g- j =1 and is an edge

from (i, j) to (p, q) if and only if j = q and p - i =1. The ith row of V' ( P, x Fr: ) is R; = {is a directed path
F; (4, j) :j =1, 2,.., n}, and the jth column K; ={(i, j) : is a path P, (i, j) : i =1, 2, ..., m}. If Sis a

dominating set for Pm X Pn , then we denote W; =SnK;. Let s; =|Wj|, where the sequence (si, s», ..., Sn) is

called a dominating sequence corresponding to S. For 1< j < n, the vertices of j-column are dominated by
vertices of j-column or (j-1)-column. The vertices of the first column are dominated only by vertices of K.
Also, for 1< i < m, the vertices of i-row are dominated by vertices of i-row, (i -1)-row or (i +1)-row. The
vertices of the first row are dominated only by vertices of R or R,. Thus the following is true:

YPuw<P)<Y( P, x P, )<y(P, x P, ).

For finding domination number of grid graphs P, XP,, Jacobson and Kinch in [2], were calculated the
domination number of cartesian product of undirected paths P, and P, for m =1, 2, 3, 4. The cases m =5, 6
were calculated by Chang and Clark [3]. Also, Chang et al. [4], established the upper bounds of cartesian
product of undirected paths P, and P, for 5 < m < 10 and arbitrary n. In [5], Gravier and Mollard given un
upper and lower bounds of general cartesian product of two undirected paths. Goncalves et al., [6] proved
Chang's conjecture saying that for every 16 <n <m, y(P,¥P,) =| (n+2)(m+2)/5] - 4.

For domination number of directed grid graphs, Liu et al. [7], they studied the domination number of

Pm X Pn for m =2, 3, 4, 5, 6 and arbitrary n. Also, in [8] the author studied the domination number of

P x }T,; for arbitraries m and n. Also, in [9] we have the following results:

y(P,x P,)=y(P,) = [ﬂ y(P,x P,)=n.y(P,xP))=n.
y(P,x P ) = [37”] y(P,x P)) = [37”}1. y(P,xP)=2n.
y(P,x P )=2n+2.

2 Main Results

In this section we calculate the domination number of the Cartesian product of a path P,and a directed path

F; form =38, 9, 10 and arbitrary n.
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Observation 2.1. Since for each vertex (i, )eV( P, x P, ) has two undirected degrees in V(K;), one
outdegree in V(Kji;) and one indegree from V(Kj,), then can it dominates at must four vertices of

P, x P, with itself. Thus implies that y (P, x P,) > mn / 4. .

Observation 2.2. Let S be a dominating set of P, X P, . Since the vertices of the first column are

dominated only by vertices of K;. Also, for 2 <j < n, the vertices of j-column are dominated by vertices of j-
column or (j-1)-column. Then the following are holds:

i. S1 > |—m/3-|

ii. s+3siy>mforallj=1,...,n ]

Lemma 2.1. There is a minimum dominating set S for P, x P with dominating sequence (sy, sy, ..., Sn)
such that forall j=1, 2, ..., n, is [m/3]< s < |_m/2-|, where m > 1.

Proof. Let S be a minimum dominating set for P, x P, with dominating sequence (s, sy, ..., 5,). Assume
that for some j, s; is large. Then we modify S by moving some vertices from column j to column j+1, such
that the resulting set is still dominating set for P, x P (because each vertex in SNK; is dominates only

vertices from K and Kj;;). For ISi<mand 1<j <n, let W = Sn{(i, j), (i +1,j), (i+2, j), (i+3, j)}. If [W| = 3,
then we have three cases:

Case 1. If {(1, j), (2, j)}<S or {(m-1, j), (m, j)}<S. Then we can move (1, j) to (1, j +1) or (m, j) to (m, j
+1). Furthermore, S is still dominating set of P, x P .

Case 2. |[W| = 4, then we put S;= (S-W)U{(, j), (i +1, ] +1), (i+2, j +1), (i+3, D}.
Case 3. |W| = 3, then we have two sub cases:

Subcase 3‘1' |W| = 3 and W = Sm{(la J)a (1 +1a J)a (i+2a J)a (i+3a J)}: {(15 _])a (1 +15 J)a (i+2a _])} or W = (1 +lsj)a
(i+2, j), (it3, j)}. Two cases are similar by symmetry, for the first we put S;= (S-W)U{(i, j), (i +2,j), (i +1,]
+1)} and for the second we put S;= (S-W)u{( +1, j), (1+3,)), (i+2, j+1)}.

Subcase 3'2‘ |W‘ = 3 and W = Sm{(la J)a (i+1a J)s (i+2s J)a (i+3a J)}: {(la J)a (i+ls J)a (i+3a _])} or
W = {(i, j), (i+2, j), (i+3, j)}. Also, two cases are similar by symmetry. Then we change S,
respectively as follows: S; = (S-W)U{(i, j), (i3, j), (i+1, j +1)}, S;= (S-W)U{(i, j), (i+3, )), (it2, j +1)}, see
Fig. 1 for cases 2, 3. We repeat this process if necessary eventually leads to a dominating set with required

properties. Also, we get S; is a dominating set for P, x P, with |S| = |S;|. Thus, we can assume that

every four consecutive vertices of the j'th column include at most two vertices of S. This implies that s; <
[m/2], forall 1 <j<n.

To prove the lower bound, we suppose that K., ;D] is be a maximum, i.e., sj.; = [m/2]. Then for each five
vertices in Kj must include at last one vertex from S, otherwise K; contain three successive vertices from S.
This contradiction with the upper bounds. Thus we get s; > [m/5forall 1 <j<n. o
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Fig. 1. Modify S

By Lemma 2.1, always we have a minimum dominating set S with dominating sequence (s, Sy,...,Sy), such
that [ m/5 ] < si<= |—m/2—|, forallj=1,2, ..., n. So, for all the next, we consider a minimum dominating set of

P x P, with dominating sequence (si, ..., s,) with [m/5]< 5 < [m/2], forallj=1,2, ..., n.

Proposition 2.1.

i y(P,xP)2y(P,xP)+y(P,_ _,xP,)

i y(P, x P,)<y(P,xP)+7y(P,., xP,)
Proof. For i and ii, the proofs are easy. mi

- 5
Proposition 2.2. 7/(P8 X P,,) < IVTH—‘ +1.

Proof. Let S be a set defined as follows:

S={(1,1),(3, 1), 5, 1), (7, DIULB,2i), (7.2): 1 <j<ln2l
U{(1, 2j+1), (5, 2j+1), (8, 2j+1) : 1 <j<l(n-1)/2}.

We have |S| = 4 + 2n/2] + 3(n-1)/2], also S is a dominating set of P, x F,; (see Fig. 2, for

7/(PsXH))Thus;/(P8XE)£4+2L§J+3V;1J=[%{|+I. o

Fig. 2. A dominating set of P, X P,
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Proposition 2.3.

i. The case (s, 5, 83) = (3, 3, 2) is not possible.

ii. The case (s, s2, 53) = (4, 2, 2) is not possible.

iii. There are four possibilities for (s;, sj+1) = (2, 2).

iv. The case (5j, sj+1, Sj+2) = (2, 2, 2) is not possible.

v.  The case (s, Sj+1, Sj+2, Sj+3) = (2, 2, 3, 2) is not possible.

Proof. i and ii by drawing.
iii. For (sj, sj+1) = (2, 2) we have four cases are:

A (L1, (2,9, (54D, (7,511 be AL 1), 5, 1), B, 1, (7,541},
e (LD, (8,9, G,5 41, (6,5 4D} . {(4,1), 5, 1), 2, +1), (7, 1)},

iv. For all cases in iii, we get (s;, Sj+1, Sj+2) = (2, 2, 2) is not possible.

v. By Completed drawing of cases (sj, sj+1) = (2, 2), we deduce that (s;, sj:1, Sji2, Sj+3) = (2,2,3,2) is not
possible.

Proposition 2.4.

i.s;+s,>6.

ii. s; s, +53>09.

iii. Sy + 8y + 83+ S4211.
iV.Sl+Sz+S3+S4+55214.

then needs |{(1,1), (2,1), (7,1), (8,1)} S| = 2, at the same time {(1,1), (2,1), (7,1), (8,1)}S #{(1, 1), (8, )}.
Suppose {(1, 1), (2, 1), (7, 1), (8, )}nS = {(1, 1), (7, 1)} or {(2, 1), (7, 1)} where two cases {(1, 1), (2, 1),
(7, D), 8, D}INS = {(1, 1), (7, 1)} or {(2, 1), (8, 1)} are similar by symmetry. If {(1, 1), (2, 1), (7, 1), (8,
NS ={(1, 1), (7, 1)}, then we need (4, 1)eS and s, > 3. Thus we get s; +s,>6. Let {(1, 1), (2, 1), (7,
1), 8, DINS ={(2, 1), (7, 1)}, then (4, 1)eS or (5, 1)eS, the two cases are similar by symmetry. Assume
that (5, 1)eS, then s, > 3. Thus we gets; + s, > 6.

Proof. i. We have s; > 3 and 2 <5< 4. If 5; = 4, then s, > 2 and so s; + 5, > 6. Let 5 = 3,

ii. From i we have s; + s, >6. If s; +5, > 7, then s; + 5, + 53> 9 {because s; > 2 forall j=1, ..., n}. Suppose
s; +s; = 6, then immediately from Proposition 2.3 (i and ii).

iii. It clear fromiiand s;> 2 forallj=1,..., n.
iv. From iii, s; + s, + 53 > 9. If 5; + 5, + 53 >10, then finish {because s; > 2}. Let s;+ s, + 53 =9 and suppose

5
that Z s; < 14 . Then we must have s, = ss = 2. By proposition 2.3 (iii), we have four cases for (s4, s5)
Jj=1

5
= (2, 2). But for all cases we Get s; + s, + 53 > 10, and this a contradiction. Finally we get z s >14. o
=1

— 5
Theorem 2.1. ¥ (P; X P) = ’77,4—‘ +1.
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Proof. By Lemma 2.1, 2 <s; < 4. Observation 2.2, gets s; > 3 and s; + 3sj;; > m. Which implies that, if s; = 2
or 3 is sj;; > 2. By Proposition 2.3, for each four columns including 10 vertices from S. We consider four
cases:

Case a. n = 0(mod 4). By Proposition 2.4, s; + s, + s3> 9 and s; + s, + 53 + 54 > 11 {because s; > 2 for
allj=1, ..., n}. Thus

_ n 4 n _
y(PxP)=3 s, 23 s +> s, 2114102202
J= I = T = 4 2

5
Case b. n = 1(mod 4). By Proposition 2.4, Z s > 14 . Then

j=1

(PxP)—ZS >3 s +Zn:s > 14 +10 45=5"+3‘

j=1

Case c. n = 2(mod 4). By Proposition 2.4, s; + s, > 6. Also, gets

. n 2 n _
7(P8><Pn):ZsjZZsj+Zsj26+10n42:5n+2.

Case d. n = 3(mod 4). By Proposition 2.4, s; + s, + 53 > 9. So

n 3 n
— n—3 5n+3
7(P8xPn):ZstZSj+Zsi29+10 = .
j=1 =1 =4 4 2
For all the cases, we get
S5n
y(PaxP))z| —|+1
2
Finally, Proposition 2.2 together with the last result gets
— S5n
]/(PSXP”):’r?—‘-Fl. m]

Proposition 2.5.

}/(PQXF’:)S 3n:n < 3.

v (P, ><P)<[52 —l+2 n2z4.

Proof. Forn>3,let S; = {(2,])), (5,)), (8,j) forj=1, ..., n}. [f n >4, we define S, as follows:

S = {(3,1), (7,1)}U{(1, 2§-1), (5, 2j-1), (9, 2j-1): 1<j<[n/2 T U{(3, 2)), (7, 2i): 1<j<ln2.
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The set S; is a dominating set of Py x P, forn<3 with [S|=3n.

Also, S, is a dominating set of Py X }7,: for n >4 with |S,| =2+ 3 [n/21+ 2n2]=T5n21+2. (see Fig. 3,

for y (P, x P—l;) ). Thus

y(Pyx P,)<3n:n<3. (1)

(P><P)<[52—‘+2n>4 @

K, K K; K_1 Ks Kﬁ K, Ks K, Km K K1 Kis

Fig. 3. A dominating set of PyxP;;

Proposition 2.6.

i. If s, =2thens, =5.

ii. If s3 =2 thens; +s,>8.

iii. If (s, 5, ..., ) = (3, 3, ..., 3) then s, > 3 for j > 2.
j-1

iv. I K; the first column, such that s; = [K;~S| =2, then Y S, = 3(j = 1) + 1 forj>1.
d=1

Proof. i and ii, immediately by drawing.

iii. There is one possible for s; =3 is KinS = {(2, 1), (5, 1), (8, 1)}. This implies that s, > 3. If s, = 3 then

KonS = {(2, 2), (5, 3), (8, 3)}. Furthermore, if s, = s, = ...= s; =3, then KNS = {(2, j), (5, )), (8, j)}. Thus
gets sy > 3.

iv. Immediately from iii. o
Theorem 2.2.

7/(ng€)-311 n<3.

7/(P9><PT)—[52”—‘+2 n=4.
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Proof. From Observation 2.2 and Lemma 2.1, we have s; > 3 and 2 < s; < 5. Furthermore, if s; = 2 then s;; >
3,1i.e., (sj, 8j+1) = (2, 2) is not possible. This implies that, if s; = 2 then

& 5.2 {S(r; 1)

J for r > 1. We consider two cases:
d=j

- n
Case a. If S, >3 for J =1, .., n, then y (Py x P ) = Z s > 3p forn < 3. Also for n > 4 is
=1

— S5n
v (P, g X P n )=3n 2 ’77 + 2. Then, (1) and (2) together with last results, gets the required.

Case b. s; = 2 for some j > 2. Suppose K is the first column, such that s; = 2. We consider the following
subcases:

. n
SubCase b.1. j = 2. By Proposition 2.6, s; = 5 and s3 > 3. Then )/ (Pg X Pn ) = Z Ny > 3n wheren
j=1

< 3. For n> 4, by Proposition 2.6(iv), we have

7(P9an)=Zn:Sj=s +Zs > 5+ {5(’12_1)J:[57n—‘+2.

- n
SubCase b.2. j = 3. By Proposition 2.6, s;+ s, > 8. Thus 4 (P9 x P ) = Z s > 3p  wheren<3.
j=1
For n > 4, Proposition 2.6(iv), implies

7(P9XE):ZS/=S1+S2+ sj28+{—5(n_2)J2{5_”—‘+2_
i=l j=2 2 2

SubCase b.3. j > 4. From Proposition 2.6(iv), we get

— n j-1 " .
Jj=1 d=1 d=j

. — 5n
{because y (P9 X Pn ) is natural number}, then ¥ (P9 X P,, ) 2> lVT—‘ + 2. Thus, for all cases, we

have

y(P,x P )2 [52”%2.
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The last result together with (2), gets

lrsn—‘-f-z O
2

y(Pyx P,)

Proposition 2.7.
y(Py x P,)<3n+1:n=0(mod 2).

y(Py x P)<3n+2:n=1(mod 2).
Proof. Let S be a set defined as follows:

S={(LD), (41), (7.1), (10,1), 3,2), (5,2), (8,2)}
U{(1, 2j+1), (5, 2j+1), (6, 2j+1), (10, 2j+1) : 1<j<[n/2]-1}
U{(3,2)), (8,2)) : 2<j<lnr2ly.

S is a dominating set of P, x F,: with [S| =7 +4( n/21-1) + 2(/2J) = 3n + 1 for n is even and |S| = 3n +
2 for n is odd (see Fig. 4, for y (P, X F’;) ). Thus

7(Pyx P)<3n+1:n=0(mod 2).
y(Py xP)<3n+2:n=1(mod 2).

2 B 7 Kw Ku EKn

.- -.- ..- -.- - -.
0SB S0 e N0 0 e B N
] mmm

Fig. 4. A dominating set of P;)XP,,

Proposition 2.8.

i. If s, =2thens; =6.
ii. If s, =3 then's; >4.

Proof. i and ii, immediately by drawing.
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Theorem 2.3.
y(PyxP)=3n+1:n=0(mod 2).
3n+1<y(Py xP,)<3n+2:n=1(mod 2).

Proof. By Observation 2.2 and Lemma 2.1, we have s; > 4 and 2 <s; < 5. Furthermore, (sj, sj+1) = (3, 2) is

not possible {Observation 2.2(ii)}. Then by Proposition 2.8, gets y (P, x F,:) > 3n + 1. Proposition
2.7, together with the last result, produces,

v (P, % F;) =3n+1:n=0(mod 2).
3n+1< y(P, % E) <3n+2:n=1(mod 2).

- — 3
In another way, by Proposition 2.1 we getﬂ/(Plo X Pn) 2 27/(P4 X Pn) = 2’77’1—‘

Thus

(P, x 17,;) > 2y (P, x F,;) = 2[%—‘ =3n+1,where n =1(mod 2).

Then Proposition 2.7, including

3n+1<y(P, x P,

n

)< 3n+2:n=1(mod 2). o
3 Conclusion

In this paper, we find the domination numbers of the Mixed-graph P, x P, form =8, 9, 10 and arbitrary

n. As a future work, we would like to work on the bounds of ¥ (P, x F;) for arbitraries m and n.
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